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Abstract. The small perturbations of a linear cocycle have a relative rotation
number associated to each pair formed of an invariant measure of the base dy-
namics and a 2-dimensional bundle of the finest dominated splitting (provided
that some orientation is preserved). The properties of that relative rotation
number allow some small steps towards dichotomies between complex eigenva-
lues and dominated splittings in higher dimensions and higher regularity.
1. Introduction. The idea of using rotation numbers in the study of higher di-
mensional linear cocycles is not new: Bonatti and Viana [4] suggested using them
to prove that generic smooth SL(n,R)-cocycles over a full shift admit a periodic
point with simple Lyapunov spectrum.1 Carlos Matheus however pointed to us the
difficulty of making that argument rigorous.
Consider a basic hyperbolic set X of a diffeomorphism f or more generally any
linear cocycle A fibering on a homeomorphism T : X → X . Consider an invariant
measure µ supported in X . Assume that there exists a 2-dimensional bundle E of a
dominated splitting over the support of µ along which Df , resp. A, preserve some
continuous orientation.
Given a small C1-path ft starting at f , resp. C
0-path At starting at A, the
bundle E has a corresponding continuation Et. We remark in this paper that the
path has a well-defined rotation number above µ along Et. From the properties of
that rotation number, we deduce properties of generic smooth dynamics:
• the Cr-generic SL(n,R)-cocycles over a full shift has a periodic point with
simple Lyapunov spectrum, that is, the eigenvalues of the first return linear
map have pairwise distinct moduli.
• under the assumption of abundance of T -periodic points, we make some steps
towards a Cr-generic dichotomy between dominated splittings and the exis-
tence of T -periodic points with complex eigenvalues.
We would like to thank Matheus for bringing to our knowledge the problem from which this
paper originated. We would also like to thank Jairo Bochi for interesting conversations. Finally,
we would like to thank the Universite´ d’Orsay, LMO, where part of this paper was written.
1 This is folklore for diffeomorphisms thanks to the Sternberg linearization lemma: precisely,
given an infinite basic hyperbolic set K of a smooth diffeomorphisms f , there are arbitrarily small
smooth perturbations of f that have a periodic point with simple Lyapunov spectrum in the
continuation of K.
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• in the general setting, one may consider the structural Cr-stability of the
projective cocycle. We prove in some cases that structural Cr-stability imply
the existence of dominated splittings.
1.1. Herman’s rotation number. Let X be a compact metric space and T : X →
X be a continuous (not necessarily homeomorphic) transformation, and E = ⊔x∈XEx
be a continuous oriented circle bundle with base X . We consider consider fibered
continuous transformations f : E→ E that project on T and that send the fiber Ex
on ETx by an orientation-preserving homeomorphism. By a slight abuse of termi-
nology, we say that f is a skew-products (of positive circle homeomorphisms) over
base dynamics T . We denote the set of such f by Sk+
E,T and endow it with the
topology of uniform convergence.
If E = X × S1, if a skew-product f is homotopic to (T, Id) within Sk+
E,T and if
µ is an ergodic measure of T with support in a connected component of X , then
there is a well-defined fibered rotation number of f above µ, seen as an element of
the circle S1 (see Herman [14, 15]). The rotation number is a cohomology invariant.
Following classical terminology, the skew-product f is called mode-locked above
µ if any skew-product g with same base dynamics T and C0-close enough to f
has the same rotation number. Answering a question of Herman, when T is an
irrational rotation of the circle, Ja¨ger and Bjerklo¨v [3] characterized mode-locking
by the existence of a trapping annulus, that is, an annulus S ⊂ E whose boundary
circles project on X by a finite cover, such that fn(S) ⋐ S for some iterate n ∈ N,
and such that fk(S) ∩ S = ∅, for all 0 < k < n.
1.2. Rotation numbers of paths. The objects presented in this section are for-
mally defined in Sections 3 and 4.
1.2.1. For skew-products of circle homeomorphisms. If the compact base X is not
connected, or if the skew-product f is not isotopic to Id, then f has no intrinsically
defined rotation number. However, given a path φ = ft of skew-products in Sk
+
E,T
one may consider the path of k-th iterates and take its average winding number
above a T -invariant Borel probability measure µ. This has an asymptotic arithmetic
growth rate when k → +∞, which we call the rotation number ρ(µ, φ) of the path
φ above measure µ.
It depends only on the isotopy class with fixed extremities of φ, it is linear in
µ and additive for concatenation of paths, and we prove that it is a cohomology
invariant, that is, the rotation number only depends on the path of cohomology
classes [ft], where two skew-products are cohomologous if they are conjugate through
h ∈ Sk+
E,IdX
.2
That rotation number extends through projectivization to paths of orientation
preserving linear cocycles on 2-dimensional bundles. In the particular case of
SL(2,R)-cocycles, Avila and Krikorian [2] define a ”variation of the fibered rotation
number” in a geometrical way. We see in Appendix A that it coincides with ours
up to multiplication by −2.
Note that Sk+
E,T is locally simply connected, thus a small C
0-perturbation g of f
in Sk+
E,T has a well-defined rotation number relative to f obtained by taking a small
2Note that such h is necessarily a homeomorphism of E. If E = X × S1, a skew-product f
identifies to a pair (T, f) where f : X → G = Homeo+(S1) is a continuous map. It is usually called
a G-cocycle above T . A G-cocycle g is then cohomologous to f if there exists a continuous map
h : X → G such that g(x) = h(x) ◦ f(x) ◦ h−1(x) for all x ∈ X.
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path φ joining f to g. Extending a previous definition, we say that f is mode-locked
over µ if small perturbations have zero relative rotation numbers, and we define a
trapping strip to be a compact subset S ⊂ E such that, for some n ∈ N,
• for all x, S∩Ex is disjoint union of n intervals, and each of them contains one
of the n intervals forming f(S) ∩ Ex.
• x 7→ S ∩ Ex is continuous for the Hausdorff topology.
In particular, if the base X is a circle, a trapping strip is a disjoint union of trapping
annuli. In [13], we generalize the characterization mode-locking of [3] to any minimal
dynamics on the base:
Theorem 1.1 (see [13]). Let f ∈ Sk+
E,T be a skew-product of positive circle home-
omorphisms over a minimal base dynamics T : X → X, and let µ be a T -invariant
measure. Then the following are equivalent:
(i) f is mode-locked over µ,
(ii) f has a trapping strip.
Remark 1.2. It is not clear how much the minimality assumption can be weakened.
In the particular case where f is the projectivization of a linear cocycle, we can relax
it to asking that T : X → X has a measure of total support (see the comments after
the statement of Proposition 2.10).
1.2.2. Rotation numbers of perturbations in differentiable dynamics. Let K be a
basic hyperbolic set of a diffeomorphism f and let µ be an f invariant measure sup-
ported in K. Assume that Df preserves orientation on an oriented3 2-dimensional
bundle Ef of a dominated splitting over K. Take a simply connected neighborhood
U of f on which the dominated splitting admits a continuation and let E : g 7→ Eg
be the continuation of Ef . We prove in Section 4 that any g ∈ U has a well-defined
rotation number relative to f above µ along the continuation E
ρf,E(µ, g) ∈ R
which counts the average rotation number of Dg relative to Df along E. This
function depends continuously on g for the C1-topology and on µ for the weak-*
topology. Moreover the following chain rule applies: given g, h ∈ U
ρf,E(µ, h) = ρf,E(µ, g) + ρg,E(µ, h).
For linear cocycles, no hyperbolicity assumption is needed. Given a vector bun-
dle V with compact base X and some homeomorphism T : X → X , we consider
the set of continuous linear cocycles fibering on T and endowed with the usual
topology (see Section 2.1). Let A be a cocycle that preserves orientation on an ori-
ented 2-dimensional bundle EA of a dominated splitting. Take a simply connected
neighborhood U of A on which there is a continuation E : B 7→ EB of EA.
Then for any T -invariant measure µ, any linear cocycle B ∈ U admits a rotation
number relative to A above µ along E
ρA,E(µ,B) ∈ R.
Again, that rotation number is continuous and satisfies a chain rule: for all B, C ∈ U
ρA,E(µ, C) = ρA,E(µ,B) + ρB,E(µ, C).
3The bundles we consider in this paper are all continuous. An oriented bundle means for us a
bundle endowed with a continuous orientation.
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Remark 1.3. The function ρ∗,E(µ, ·) depends on the choice of U , however its germ
at ∗ does not, and it still contains all relevant information for our purpose. Hence
we will often omit U and identify the relative rotation number to its germ at ∗, for
∗ = f,A .
Remark 1.4. Considering the finest dominated splitting and the tuple E = (E1, . . . , Ek)
of 2-dimensional bundles on which an orientation is preserved, we may consider the
compound relative rotation number ρ∗,E : U → Rk.
1.3. Structure of the paper. In Section 2 we state our results on perturbative
differentiable dynamics. In Section 3, we define precisely rotation numbers for paths
of skew-products, we give some of its properties and we explain a corresponding
notion of mode-locking. In Section 4, we extend those results to 2-dimensional
bundles of dominated splittings. In Section 5 we use the rotation numbers to prove
the main results Theorems A to C.
For completeness, in Section 6 we give through classical arguments the proofs of
C0-dichotomies which we conjecture to hold in all regularities. Finally in Appen-
dix A we recall how Avila and Krikorian built a ’variation of the rotation number’
for SL(2,R)-cocycles, and we notice that it coincides with ours up to a factor −2.
2. Definitions and statement of results. We postpone the formal definitions
of rotation numbers and mode-locking to Section 3.
2.1. Smooth vector bundles and linear cocycles. Let (V, ‖.‖) be a continuous
Euclidean vector bundle over a compact metric space X . Denote by Vx the fiber
above the point x ∈ X . In this paper, a (maximal rank) linear cocycle on V is a
continuous map A : V → V fibering over a homeomorphism T : X → X such that
A(x) : Vx → VTx is an isomorphism for all x ∈ X . In the case where the bundle is
trivial, i.e. V = X × B for a vector bundle B, we may regard A as a pair (T,A)
where A : X → L(B) is a continuous map from X to the space of isomorphisms
L(B) of B.
If X is a subset of a smooth manifold M , then V is called smooth if it is the
restriction of a smooth bundle V˜ with base some open set Y ⊂ M containing X .
Define the space LCrV,IdX of C
r-cocycles fibering over IdX as the set of C
r-sections
of the smooth bundle ⊔
x∈X
GL(Vx) = V ⊗X V ∗,
endowed with its natural Cr-topology.
2.2. Cr-generic cocycles over hyperbolic dynamics. A homeomorphism T : K →
K of a metric space K is called transitive there exists x ∈ K such that the posi-
tive orbit of x is dense in K. A basic hyperbolic set K of a diffeomorphism f of a
manifold M is a compact invariant set K that is
• transitive, i.e. it contains a point x whose positive orbit is dense in K,
• hyperbolic, i.e. there is a Df -invariant splitting TM|M = Es⊕Eu into contin-
uous bundles such that for all nonzero vectors u, v ∈ Es, Eu, the norms of the
iterates Dfn(u), Dfn(v) tend exponentially fast to 0 and +∞, respectively.
• locally maximal: there is an open set U such that K =
⋂
n∈Z
fnU .
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Let us call a homeomorphism T : X → X basic hyperbolic if it is topologically
conjugate to the restriction of a diffeomorphism to a basic hyperbolic set. The full
shift is an example. We say that a linear cocycle has simple Lyapunov spectrum at
a T -periodic point x if the eigenvalues (counted with multiplicity) of the first return
linear map on the fiber Vx have pairwise distinct moduli.
Theorem A. Let V be a smooth bundle with an infinite compact base X, and let
T : X → X be a basic hyperbolic homeomorphism (e.g. a full shift). For all r ≥ 0,
there is an open and dense subset O ⊂ LCrV,T of linear cocycles of class Cr that
have simple Lyapunov spectrum at some T -periodic point.
That is, for any A ∈ O, there is a periodic point x ∈ X along which the first
return linear map has eigenvalues with pairwise distinct moduli. Such result is
folklore for basic hyperbolic sets of diffeomorphisms (see Footnote 1) thanks to the
non-elementary Sternberg linearization theorem. This linearization result does not
exist for linear cocycles. We will call rotation numbers to our rescue.
Definition 2.1. A dominated splitting for a linear cocycle A is a splitting
V = E1 ⊕ . . .⊕ Ek
intoA-invariant vector subbundles of constant dimension, such that for someN ∈ N,
for all x ∈ X and all unit vectors in consecutive bundles u ∈ Ei,x and v ∈ Ei+1,x
above x, one has
‖ANu‖ < 1
2
‖ANv‖.
We say that a dominated splitting into 2 bundles V = E1 ⊕ E2 has index i if
dimE1 = i. Lyapunov spectrum simplicity at a periodic point corresponds to the
existence of dominated splittings of all indices (equivalently of a dominated splitting
into line bundles) along that periodic point. A robust obstruction to the existence
of a dominated splitting of index i is the following object:
Definition 2.2. A periodic point x is i-elliptic if
• the Lyapunov exponents λ1 ≤ . . . ≤ λd at x satisfy λi−1 < λi if 1 < i and
λi+1 < λi+2 if i < d− 1,
• the eigenvalues corresponding to λi and λi+1 are complex (non-real) and con-
jugate.
We say that a linear cocycle or a diffeomorphism satisfies the ellipticity/domination
dichotomy if for each index 0 < i < d, where d = dimV or dimM , we have the
following sharp dichotomy:
• either there is a global dominated splitting of index i,
• or there is an i-elliptic periodic point.
Conjecture 2.3 (ellipticity/domination dichotomy for cocycles). Let T : X → X
be a basic hyperbolic homeomorphism (e.g a full shift) and let V be a smooth vector
bundle on X. For all r ≥ 0 there is an open and dense subset O ⊂ LCrV,T of linear
cocycles of class Cr that satisfy the ellipticity/domination dichotomy.
Remark 2.4. In this conjecture we need more than the density of periodic points,
indeed the small C0-perturbations in LCV,T of the following cocycle have both no
dominated splitting and no elliptic periodic point: let A = (T,A) be the linear
cocycle on V = [−1, 1]× R2 defined by T = Id[−1,1] and
A(x) =
(
e−x 0
0 −ex
)
.
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Conjecture 2.5 (ellipticity/domination dichotomy for diffeomorphisms). Let r ≥
1. Fix a basic hyperbolic set Kf of a C
r-diffeomorphism f and a Cr-neighborhood
U of f on which a continuation g 7→ Kg is defined.
Then there exists an open and (Cr) dense subset O ⊂ U of diffeomorphisms g
such that the cocycles Dg|Kg satisfy the ellipticity/domination dichotomy.
We prove Conjecture 2.3 for r = 0 through classical techniques (see Section 6.2).
Conjecture 2.5 for r = 1 is then a straightforward consequence using the Franks’
lemma [11]. See for instance [8] for similar constructions.
The real difficulty starts at higher regularities due to the lack of perturbative
tools. Using the properties of rotation numbers we are nevertheless able to prove
some cases, as in the theorem below. We recall first that a linear cocycle always
admits a finest dominated splitting (that is, a dominated splitting which splits any
other dominated splitting).
Theorem B. Let r ≥ 0. Let A = (T,A) be a linear cocycle such that periodic
points are dense for T : X → X. Let E1, . . . , Eℓ be the orientable 2-dimensional
bundles of the finest dominated splitting on which orientation is preserved.
Then in any Cr-neighborhood of A there is a cocycle that has an elliptic point by
restriction to the continuation of each of these bundles.
This straightforwardly implies the following:
Corollary 2.6. Let r ≥ 0. Let T : X → X be a homeomorphism such that periodic
points are dense in X (e.g a basic hyperbolic homeomorphism) and let V be a smooth
vector bundle on X. There is a Cr-open and dense subset O ⊂ LCV,T of linear
cocycles A such that each bundle of its finest dominated splitting
• either has dimension 1,
• or has dimension 2, is orientable, and A preserves orientation on it,
then A satisfies the ellipticity/domination dichotomy.
In a work in progress [6], we prove similar results for some basic hyperbolic sets
of diffeomorphisms, making some steps towards Conjecture 2.5.
2.3. Dominated splittings and structural stability. Let r ≥ 0. Two issues
with the ellipticity/domination dichotomy are that:
• it seems very difficult to prove for r > 0,
• it makes no sense when periodic points are scarce.
Instead we consider a natural notion of structural stability for cocycles. The Cr-
topology on the space of linear cocycles on V naturally induces a Cr-topology on
the space of projective cocycles. We call a projective Cr-cocycle PA : PV → PV
structurally Cr-stable if for all ǫ > 0 it admits a Cr-neighborhood Uǫ among cocycles
projecting on the same base dynamics such that:
any PB ∈ Uǫ is cohomologous to PA as a fibered homeomorphism through a
homeomorphism that is ǫ-close to IdPV , that is, there exists a homeomorphism h of
PV that fibers on IdX , that is ǫ-close to IdPV , and such that
h ◦ PA = PB ◦ h.
Moreover, we say that a linear cocycle satisfies Cr-robustly some property if it holds
for any sufficiently Cr-close linear cocycle. Consider the three following statements:
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(a) The cocycle A has dominated splittings of all indices 0 < i < n,4
(b) The projective cocycle PA is structurally Cr-stable,
(c) The cocycle A has Cr-robustly no elliptic point.
Conjecture 2.3 implies that if the base transformation T is a basic hyperbolic home-
omorphism, then we have the equivalence (a) ⇔ (c). In Section 6, using standard
tools we obtain:
Proposition 2.7. For all r ≥ 0 we have the implications (a)⇒ (b)⇒ (c).
We also show in Section 6.2 the following converse implications: if r = 0 then
(a)⇐ (b) and if moreover T is a basic hyperbolic homeomorphism then (a)⇐ (c).
The real difficulty starts with higher regularity.
Conjecture 2.8. (Stability): For all r ≥ 0 we have the equivalence (a)⇔ (b).
We make a tiny step towards Conjecture 2.8 using properties of rotation numbers:
Theorem C. Let A be a linear cocycle such that:
• it fibers over a homeomorphism T admitting a measure of total support,
• the bundles of its finest dominated splitting have dimensions ≤ 2,
• A preserves some continuous orientation on each of the 2-dimensional bundles
of that splitting.
Then we have the equivalence (a)⇔ (b), that is, PA is structurally Cr-stable if and
only if it has dominated splittings of all indices.
Remark 2.9. It seems to us that a lot of the difficulties of the conjectures are
already contained in the case of SL±(2,R)-cocycles, where SL±(2,R) is the set of
real matrices of determinant ±1. This should be the next problem to focus on,
before tackling higher dimensions.
2.4. Ideas of the proofs.
Idea of the proof of Theorem A. If we have a pair of non-real conjugate eigenva-
lues at some periodic point x, a small perturbation might change their arguments
slightly but not turn them real. The point is that, above a periodic measure (an
invariant probability measure supported by a periodic point), our rotation number
corresponds to the change of argument of the eigenvalues, multiplied by the period.
Hence, using the continuous dependence of the rotation number on the measure,
by taking a periodic measure with large period close enough to our initial periodic
measure and using the continuity of the rotation number, we get a large change
of argument along the new large period periodic point, which means that we go
4If the non-wandering set of T is the whole base X, the existence of dominated splittings of
all indices is equivalent to projective hyperbolicity in the following sense: the chain-recurrent set
of PA is included in the union of projective bundles ∪PEi, where the Ei-s are the bundles of the
finest dominated splitting. Consider then the linear cocycle TPA
TPV
TPA
−−−→ TPV
↓ ↓
PV
PA
−−→ PV
induced on the tangent projective bundle TPV = ∪v∈PV TvPVx where x ∈ X is the base point
on which v projects. It is quite easy to check that the cocycle TPA restricted to each compact
set PEi of PV admits a hyperbolic decomposition if and only if Ei has dimension 1. In general,
when the non-wandering set of T is not X, domination of all indices could be seen as projective
hyperbolicity and a strong transversality condition.
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at some point through a pair of real eigenvalues. A further smooth perturbation
separates the moduli of those eigenvalues.
Given a linear cocycle A on a linear bundle V denote by PA its projectivization,
that is, the induced map of the projective bundle PV . The following extends a
result Avila, Bochi and Damanik [1] to the case of relative rotation numbers:
Proposition 2.10. Let a linear cocycle A ∈ LCV,T preserve some continuous ori-
entation on a 2-dimensional subbundle E. Let µ be a T -invariant measure. Then
the following are equivalent:
(i) the projectivization P(A|E) is mode-locked over µ,
(ii) the restriction A|E admits a dominated splitting over the support supp(µ).
We give a proof in Section 5.2. Here mode-locking is seen among the set of skew
products Sk+
PE,T . Note that the second item is equivalent to the existence of a
trapping strip, which motivated Remark 1.2. Indeed, taking an adapted metric [12]
for the dominated splitting, one easily builds a trapping strip. Conversely, if there
is a trapping strip, then [5, Theorem B] implies that there is a dominated splitting.
Ideas of the proofs of Corollary 2.6 and Theorem C. Mode-unlocking for P(A|E) above
a measure µ means by definition that there is a perturbation g in Sk+
PE,T with a non-
trivial relative rotation number above µ. We actually prove that mode-unlocking
implies that there are smooth perturbations of A with non-zero rotation numbers
along the continuation of E. This implies in particular that there is no projective
structural Cr-stability. Moreover, if µ is accumulated by periodic measures (which
is the case in the basic hyperbolic setting), then by continuity of the rotation num-
ber those periodic measures will see that non-trivial rotation number. In other
words the argument of the eigenvalues along the continuation of E have to change:
smooth perturbations will create non-real eigenvalues.
3. Rotation numbers and mode-locking for a fixed circle bundle. In this
section we fix a continuous (not necessarily invertible) transformation T : X → X
of a compact metric space X . Fix an oriented circle bundle E with compact base
X . We work in the set Sk+
E,T of skew-products on E fibering on T , endowed with
the topology of uniform convergence.
Endow E with a metric that gives length 1 each circle. This gives a metric on the
universal cover of each fiber. Given real numbers a ≤ b and a path γ = (γt)t∈[a,b] in
some fiber Ex, let γ˜ be a lift to the universal cover E˜x. Define the winding number
w(γ) as the algebraic length of the oriented segment [γ˜a, γ˜b]. It does not depend on
the choice of the lift.
Given a path φ =
(
ft
)
t∈[a,b]
of skew-products in Sk+
E,T and a point u ∈ Ex in the
fiber above x, denote by φu the path
(
ftu
)
t∈[0,1]
. Denote by φ(n) the path of n-th
iterates fnt = ft ◦ . . . ◦ ft. Since for all u, u′ ∈ Ex,
|w(φ(n)u)− w(φ(n)u′)| < 1. (1)
we can unambiguously state the following:
Definition 3.1. The rotation number of the path φ at x ∈ X is, whenever it exists,
the asymptotic growth rate of winding numbers through iteration:
ρ(x, φ) = lim
n→+∞
1
n
w(φ(n)u),
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where u ∈ Ex.
The existence and the value of this limit does not depend on the choice of the
metric on E. LetM(T ) be the vector space of T -invariant finite Borel measures on
X , endowed with the weak-* topology and let P1(Sk
+
E,T ) be the groupoid of paths of
Sk+
E,T endowed with the topology of uniform convergence. EndowM(T )×P1(Sk+E,T )
with the product topology.
Proposition 3.2 (Existence and properties of rotation numbers). Given a path φ
in Sk+
E,T and a measure µ ∈ M(T ). The rotation number ρ(·, φ) is defined µ-a.e.,
bounded, T -invariant, measurable and only depends on the homotopy class of φ with
fixed extremities. Moreover,
ρ(µ, φ) :=
∫
X
ρ(·, φ)dµ
defines a continuous map ρ : M(T )× P1(Sk+E,T )→ R.
We call the map ρ : M(T ) × P1(Sk+E,T ) → R the rotation morphism of the pair
(T,E) and the real number ρ(µ, φ) the rotation number of the path φ above the
measure µ. The map ρ is a ”morphism” in the following sense:
• it is by construction linear in variable µ,
• it is additive with respect to concatenation: ρ(µ, φ ∗ ψ) = ρ(µ, φ) + ρ(µ, ψ),
for all paths φ, ψ such that φ ∗ ψ is defined, as a consequence of the same
property for winding numbers.
Remark 3.3. If E = X × S1 is trivial on a connected base X and if f is isotopic
to identity through a path φ in Sk+
E,T joining (T, Id) to f , then ρ(µ, φ) mod Z
coincides with the fibered rotation number ρµ(f) defined by Herman [14, 15].
Proof of Proposition 3.2 and Addendum. Choose a metric on E that gives length 1
each circle and define the sequence of continuous functions
τn(x, φ) = max
u∈Ex
w(φ(n)u).
with respect to some metric on E. That sequence is clearly subadditive, that is,
τn+m(x, φ) ≤ τn(x, φ) + τm(T nx, φ).
The Kingman’s subadditive ergodic theorem [16] gives that:
• for any T -invariant measure µ, the sequence 1nτn(·, φ) converges µ-a.e. to a
measurable T -invariant map, which is ρ(·, φ) as defined in Definition 3.1. That
map is bounded since τ1 is.
• ρ(µ, φ) = infn>0 1n
∫
τn(·, φ)dµ.
In particular, the continuity of τn on X × P1(Sk+E,T ) and the compactness of X
imply that
(µ, φ) 7→ 1
n
∫
τn(·, φ)dµ
is continuous. Hence the upper-semicontinuity of
ρ : M(T )× P1(Sk+E,T )→ R.
Lower-semicontinuity is obtained symmetrically by considering the superadditive
sequence of functions
σn(x, φ) = min
u∈Ex
w(φ(n)u).
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Invariance by isotopy with fixed extremities comes from the fact that the winding
numbers w(φ(n)u) are themselves invariant by isotopies with fixed extremities. The
fact that ρ : M(T )× P1(Sk+E,T )→ R is a morphism is clear. This ends the proof of
Proposition 3.2.
Recall that two skew-products f, g ∈ Sk+
E,T are cohomologous if they are con-
jugate by a homeomorphism in Sk+
E,IdX
. Let [f ] denote the cohomology class of
f .
Proposition 3.4 (cohomology invariance). If two paths φ =
(
ft
)
and ψ =
(
gt
)
coincide in cohomology, that is, [ft] = [gt] for all t, then their rotation numbers
coincide: for all x ∈ X, if one of the rotation numbers ρ(x, φ) and ρ(x, ψ) exists
then both do and they coincide.
Given two continuous maps T, T ′ : E→ E and two paths φ = (ft) and ψ = (gt) in
Sk+
E,T and Sk
+
E,T ′ , respectively, denote by ψ◦φ the path of composed maps
(
gt ◦ft
)
.
We put a metric on E that gives length 1 and diameter 1/2 to each circle. The path
ψ ◦ φ is isotopic with fixed extremities to the concatenation (g1 ◦ φ) ∗ (ψ ◦ f0) and∣∣∣w[(g1 ◦ φ)u]− w(φu)∣∣∣ < 1∣∣∣w[(ψ(f0u)]− w(ψu)∣∣∣ < 1
therefore ∣∣∣w[(ψ ◦ φ)u]− w(ψu) − w(φu)∣∣∣ < 2. (2)
This allows to prove this particular case of Proposition 3.4:
Claim 1. If there exists a path ζ in Sk+
E,IdX
such that
ζ ◦ φ = ψ ◦ ζ,
then the rotation numbers of φ and ψ coincide.
Proof of the claim. For all n ∈ N, we have ζ ◦ φ(n) = ψ(n) ◦ ζ. Applying Eq. (2) to
each member of the equality (ζ ◦ φ(n))u = (ψ(n) ◦ ζ)u we deduce
|w(ψ(n)u)− w(φ(n)u)| < 2w(ζu) + 4
for all u ∈ E. In particular, if one of the rotation numbers ρ(x, φ) and ρ(x, ψ) exists
then both do and they coincide.
The claim would be sufficient for us in this paper, however we believe that the
more general cohomology invariance of Proposition 3.4 is of independent interest.
Proof of Proposition 3.4. For all t there exists ht ∈ Sk+E,IdX such that ft◦ht = ht◦gt.
It is however quite easy to build examples where ht cannot be chosen to depend
continuously on t. We endow the sets of maps from E to E with the maximum
distance:
d(f, g) = max
u∈E
d(fu, gu).
Given δ > 0, let Hδ be the set of homeomorphisms in Sk
+
E,IdX
such that d(x, y) ≤ δ
implies that d(hx, hy) ≤ 1/4. By a compactness argument, there exists ηδ > 0 such
that
• if |r − s| < ηδ then the skew-productsfr and fs are at distance < 1/4,
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• if moreover h, h′ ∈ Hδ are at distance < ηδ then the skew-products h◦gr ◦h−1
and h′ ◦ gs ◦ h′−1 are at distance < 1/4.
The space Hδ is locally arc-connected and separable and Sk
+
E,IdX
= ∪k>0H1/k,
therefore Hδ is a countable union of open arc-connected sets Un, each of which is a
subset of some Hδ(n) and has radius < ηδ(n).
Let In ⊂ [a, b] be the subset of parameters t such that there exists h ∈ Un that
conjugates ft and gt. Let r, s ∈ In satisfying |r − s| < ηδ and let hr, hs ∈ Un
such that h∗ ◦ g∗ ◦ h−1∗ = f∗ for ∗ = r, s. Joint them by a path (ht)t∈[r,s] in Un.
Then by definition of ηδ(n) and Un, the paths (ft)t∈[r,s] and (ht ◦ gt ◦ h−1t )t∈[r,s]
have diameter < 1/4. Concatenating the first path and second path backwards
gives a loop in Sk+
E,T with diameter < 1/2. As a loop, its winding number at each
u ∈ E are integers. The diameter of the loop, which is less than the diameter of the
circles of E, forces then the winding numbers to be 0. The winding numbers of the
iterated loops and therefore the rotation number is also 0 at all x ∈ X (the loop is
actually isotopically trivial in Sk+
E,T ). Thus (ft)t∈[r,s] has same rotation number as
(ht ◦ gt ◦ h−1t )t∈[r,s] and therefore as (gt)t∈[r,s] by the claim above.
Let J0 be convex hull of I0 minus the intervals of diameter ≥ ηδ inside [0, 1] \ I0.
Then J0 contains I0 and is a finite union of intervals in which I0 is ηδ(0)-dense.
Thus, the set J0 is covered by a countable union of intervals with pairwise disjoint
interiors and of diameter ≤ ηδ(0). The rotation numbers of φ and ψ restricted
to each interval coincide. We then repeat the process by replacing [a, b] by each
interval of [a, b] \ J0 and creating that way a subset I1 \ J0 ⊂ J1 ⊂ [a, b] \ J0 that is
again covered by a countable union of intervals with pairwise disjoint interiors and
of diameter ≤ ηδ(1). Repeating this inductive process provides a cover of [a, b] by
a countable family Ln of intervals in [a, b] of which each pairs meet at at most one
point and such that the rotation numbers of (ft)t∈Ln and (gt)t∈Ln coincide for all
n.
Let I be the set of intervals in [a, b] that are unions of intervals Ln. There are
countably many extremities of intervals Ln hence I is countable. Define a rank on
I inductively as follows: define rk(Ln) = 0 for all n ∈ N. For all other intervals
I ∈ I define rk(I) as the least ordinal α ∈ Ω such that I is the union of finitely
many intervals of rank < α or the union of an increasing sequence of intervals of
rank < α. For each x ∈ [a, b] there exists then a maximal interval Ix ⊂ I on which
the rank is defined. By maximality, if Ix 6= Iy then Ix and Iy are disjoint. If z is
an extremity of Ix then Iz ∪ Ix ∈ I and therefore z ∈ Ix by maximality. Since I is
countable, the sets Ix form a countable partition into closed intervals of [a, b]. This
implies that there is a unique interval Ix. Therefore the rank of Ix = [a, b] exists.
An easy transfinite induction gives that for all α ∈ Ω that if I ∈ I has rank ≤ α,
then any J ∈ I such that J ⊂ I has a rank which is ≤ α. Thus the rank is defined
on the whole I.
Using additivity of concatenation and continuity of the rotation number with
respect to the paths, we get by a transfinite induction that the rotation numbers of
(ft)t∈I and (gt)t∈I coincide for all I ∈ I. In particular φ and ψ have same rotation
numbers.
By local simple connectedness, one can choose a simply connected neighborhood
U of f in Sk+
E,T . Then any g ∈ U has a well-defined rotation number relative to f
in U defined as follows:
ρf (µ, g) := ρ(µ, φ)
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where φ is a path in U going from f to g.
Remark 3.5. Another choice of U gives another function ρ′f which coincides with
ρf on a neighborhood of f . In other words, the germ at f of the function{
U → L[M(T ),R]
g 7→ ρf (·, g)
is well-defined independently of U .
The usual mode-locking notion [3] naturally extends to our setting:
Definition 3.6. A skew-product f ∈ Sk+
E,T on E ismode-locked over the T -invariant
probability measure µ if the relative rotation number vanishes on a neighborhood
of f .
Note that f is mode-locked over µ if all paths in some neighborhood of f have zero
rotation number. We call the skew-product lower semi-locked (resp. upper semi-
locked) over µ if the relative rotation number is ≥ 0 (resp. ≤ 0) on a neighborhood
of f . We call a path φ strictly increasing if, for any u ∈ E, the path φu is strictly
increasing with respect to the orientation on the fibers of E.
Lemma 3.7. A skew-product f is not upper semi-locked over µ if and only if the
strictly increasing paths φ =
(
ft
)
t∈[0,1]
starting at f = f0 have all strictly positive
rotation number above µ.
Proof. We only treat the upper semi-locked case since the lower semi-locked case
is obtained from it by reversing orientation on E. The converse implication is
straightforward. Let us show the direct one. Take a strictly increasing path φ =(
ft
)
t∈[0,1]
starting at f = f0. By compactness we find 0 < ǫ < 1/2 such that for all
u ∈ E,
ǫ < w(φu).
Let U be a simply connected ǫ-neighborhood of f , and let ψ be a path in U from
f to some g ∈ U with strictly positive rotation number relative to f , that is,
ρf (g, µ) = ρ(ψ, µ) > 0. Then, for all u ∈ E,
w(ψu) < ǫ < w(φu).
By a monotonicity argument w(ψ(n)u) < w(φ(n)u), for all u ∈ E and n ∈ N.
Therefore 0 < ρ(ψ, µ) ≤ ρ(φ, µ).
Changing orientation on E, one deduces from this lemma that lower semi-locking
is equivalent to all strictly decreasing paths starting at f having strictly negative
rotation number. In particular we get:
Corollary 3.8. A skew-product f is not mode-locked over µ if and only
• either the strictly increasing paths φ = (ft)t∈[0,1] starting at f = f0 have
strictly positive rotation number above µ,
• or the strictly decreasing paths starting at f have strictly negative rotation
number.
Lemma 3.9. Given a strictly increasing path φ = (ft), the three following condi-
tions are equivalent:
(i) the rotation number satisfies ρ(µ, φ) > 0,
ROTATION NUMBERS OF PERTURBATIONS OF SMOOTH DYNAMICS 13
(ii) for some x ∈ supp(µ) and some N ∈ N,
σN (x) := min
u∈Ex
w(φ(N)u) > 1.
In particular, mode-locking is not a measure theoretic notion but a topological
property of the dynamics above the support of µ (note that the second item does
not depend on the choice of the metric on E).
Proof. Recall that (nearly) by definition ρ(x, φ) = lim 1nσn(x). Hence the implica-
tion (i)⇒ (ii). Let us show (ii)⇒ (i).
Under the assumptions of (ii), uniform continuity of u 7→ w(φ(N)u) gives ǫ > 0
and an open set V of points x ∈ supp(µ) such that σN (x) > 1 + ǫ. Kingman’s
theorem applied to the superadditive sequence (σn) gives
ρ(µ, φ) = sup
n>0
1
n
∫
σn(·, φ)dµ ≥ 1
N
∫
σN (·, φ)dµ.
We have σN ≥ 0 since φ is strictly increasing. From µ(V ) > 0 we deduce (i).
4. Rotation numbers of perturbations of linear cocycles and diffeomor-
phisms. In this section V is a Euclidean vector bundle with base X and M is a
manifold. Consider a dominated splitting for a linear cocycle on V or a dominated
splitting for a diffeomorphism ofM over a basic hyperbolic set K. That dominated
splitting admits a continuation when the dynamics is perturbed. The projectiviza-
tion of a 2-dimensional bundle E0 of the dominated splitting is then a circle bundle
that varies with the perturbation. We would like to define the rotation number
along a resulting path of bundles Et.
The problem is that there is no canonical identification of Et to E0. Cohomology
invariance will help us.
4.1. Rotation numbers along paths of circle bundles. We need first to extend
the results of Section 3 allowing the bundle E to vary with time. Let G be a fibre
bundle with base X and endowed with some distance dG. Given two maps with
same domain, f, g : K → G define the distance
dsup (f, g) = sup
u∈K
d(fu, gu).
Let (E , d) be a space of oriented circle subbundles of G endowed with the following
distance, where the infimum is taken over the homeomorphisms h : E→ F fibering
on IdX :
d(E,F) = inf
h
dsup (IdE, h).
Assume that there exists α > 0 and a family of homeomorphisms hE,F : E → F
fibering over IdX indexed by the pairs (E,F) ∈ E2 with d(E,F) < α such that
(i) the map (E,F, u) 7→ hE,F(u) is continuous on its domain,
(ii) d(E,F) and dsup (IdE, hE,F) are equivalent, that is, there exists C > 1 such
that for all E,F ∈ E with d(E,F) < α we have
C−1.d(E,F) < dsup (IdE, hE,F) < C.d(E,F).
Example 4.1. Let G = PV = ⊔x∈XPVx be the projectivization of the Euclidean
bundle V and let E be the set of continuous projective line subbundles of G. Define
then hE,F on each fiber Gx as the orthogonal projection on Fx (which is well-defined
on Ex when E is close enough to F).
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Example 4.2. Take G = K × PTM , where K ⊂ M is compact and PTM is the
projectivization of the tangent bundle of M . Let E be the set of continuous circle
subbundles E of G such that each fiber Ex is a projective line in a fibre PTpE(x)M ,
where pE : K → M is a continuous map. Define the homeomorphisms hE,F as
follows:
for all x ∈ X , the fibers Ex and Fx lie in two neighboring fibers PTpM and
PTqM . Identify them by parallel transport along the geodesic from y to z and
project orthogonally on Fx.
Let Sk+E,T be the set of pairs (E, f) where E ∈ E and f is an element of Sk+E,T as
defined in the previous section. Extend the C0-distance on Sk+
E,T to a distance on
Sk+E,T by taking the following infimum over the homeomorphisms h : E→ F fibering
over IdX :
dist
[
(E, f), (F, g)
]
= inf
h
[
dsup (IdE, h) + dsup (f, h
−1 ◦ g ◦ h)].
Note that dist
[
(E, f), (F, g)
] ≥ d(E,F). Given a path φ = (Et, ft)t∈[0,1] in Sk+E,T ,
covering the path Et by finitely many balls of radius α and composing maps hE,F,
one easily builds a family of maps
ht : E0 → G (3)
such that (t, u) 7→ htu is continuous and ht ∈ HomeoId(E0,Et). The path
φ0 =
(
h−1t ◦ ft ◦ ht
)
0≤t≤1
in Sk+
E0,T
is not uniquely defined, but any other choice of a path ht would give
another family ψ0 that coincides with φ0 in cohomology. By Proposition 3.4, the
rotation number
ρ(x, φ) := ρ(x, φ0)
is hence well-defined for µ-a.e. points x ∈ X . One then extends Proposition 3.2 to
varying bundles:
Proposition 4.3. Fix a path φ in Sk+E,T and a measure µ ∈ M(T ). The rotation
number ρ(·, φ) is defined µ-a.e., bounded, T -invariant, measurable and only depends
on the homotopy class of φ with fixed extremities. Moreover,
ρ(µ, φ) :=
∫
X
ρ(·, φ)dµ
defines a continuous map ρ : M(T )× P1(Sk+E,T )→ R.
Again, we call ρ(µ, φ) the rotation number of φ above the measure µ. Given a
compact space K, say that two continuous families (Eκ, fκ)κ∈K and (Fκ, gκ)κ∈K of
skew-products in Sk+E,T coincide in cohomology if for all κ the maps fκ and gκ are
cohomologous, that is, there exists a homeomorphism hκ : Eκ → Fκ fibering over
IdX such that
fκ ◦ hκ = hκ ◦ gκ.
Proof of Proposition 4.3. The only points that need to be explained are the con-
tinuity and the invariance by isotopy with fixed extremities, the rest is given by
Proposition 3.4.
Consider an isotopy (φs)0≤s≤1 = (Et,s, ft,s)0≤s,t≤1 with fixed extremities between
two paths φ0 = (Et,0, ft,0) and φ1 = (Et,1, ft,1) of Sk
+
E,T . In order to show invariance
by isotopy, it is enough to show it for small isotopies: just cut a large one into finitely
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many small pieces and show it for each of those pieces. Therefore we may assume
that d(Et,s,Et,0) < α for all s, t ∈ [0, 1]. Then conjugate by hEt,0,Et,s : the isotopy
(φs) coincides in cohomology to an isotopy (Et,0, f̂t,s)0≤s,t≤1 with fixed extremities.
Conjugating by the path of homeomorphisms ht ∈ HomeoId(E0,Et) of Eq. (3),
we get that it coincides in cohomology to an isotopy ψs = (E0,0, f˜t,s)0≤s,t≤1 with
fixed extremities in Sk+
E0,0,T
. As a consequence of the invariance by isotopy in
Proposition 3.2 and Proposition 3.4, the rotation numbers of φ0 and φ1 coincide.
The proof of continuity goes the same way: take a sequence µn of measures tend-
ing to µ∞ and a sequence φn of paths of Sk
+
E,T tending to φ∞ for the topology of uni-
form convergence. This corresponds to taking a continuous family (Et,n, ft,n)(t,n)∈K
where K is the compact set [0, 1]× (N ∪ {∞}). One may assume that all paths φn
are at maximum distance < α from φ∞. As in the previous paragraph, the family(
φn
)
n∈N∪{∞}
then coincides in cohomology to a continuous family
(
ψn
)
n∈N∪{∞}
of paths in Sk+
E0,∞,T
. The continuity given by Proposition 3.2 and Proposition 3.4
imply that ρ(µn, φn) tends to ρ(µ∞, φ∞).
The obvious extension of Proposition 3.4 to this setting is the following:
Proposition 4.4. If two paths (Et, ft) and (Ft, gt) in Sk
+
E,T coincide in cohomology,
then they have same rotation numbers.
We say that a path (Et, ft) in Sk
+
E,T is strictly increasing if it is cohomologous
to a strictly increasing path (in our previous definition – see Section 3) in Sk+
E0,T
.
Lemma 3.7 translates into:
Lemma 4.5. A skew-product (E, f) ∈ Sk+E,T is not upper semi-locked over µ if and
only if the strictly increasing paths starting at (E, f) in Sk+E,T have strictly positive
rotation number over µ.
4.2. Perturbations of linear cocycles. Let V be a vector bundle with compact
base X and let T : X → X be a homeomorphism. Fix a measure µ in the set
M(T ) of Borel finite T -invariant measures. Let A ∈ LCV,T be a linear cocycle
that preserves orientation on a 2-dimensional oriented bundle EA of a dominated
splitting. That dominated splitting admits a continuation (see for instance [7]),
in particular there is a connected neighborhood U of A on which the bundle EA
extends to a unique continuous family of bundles
E = (EB)B∈U
where each B ∈ U preserves EB and its orientation (defined by continuation of the
orientation on EA).
Then going back to Example 4.1 with the projective bundle G = PV = ⊔x∈XPVx
and applying Proposition 4.3 to paths of the form φ = (PEAt ,PAt|EAt ), we get that
any path (At) in U has well-defined rotation numbers along E:
ρE
[
µ, (At)
]
:= ρ(µ, φ).
As before, this rotation number varies continuously with the measure µ and with the
path (At), it depends linearly on the measure µ and it is additive for concatenation.
We assume now that U is simply connected.5 Given a cocycle B ∈ U , define its
rotation number relative to A along E by
ρA,E(µ,B) := ρE
[
µ, (At)
]
5Such U exists thanks to the local simple connectedness of the set LCV,T of linear cocycles.
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where (At) is any path in U from A to B. This is well-defined by the invariance by
isotopy provided by Proposition 4.3. Moreover it is continuous on M(T )× U and
it satisfies the following chain-rule: for all B, C ∈ U we have
ρA,E(µ, C) = ρA,E(µ,B) + ρB,E(µ, C).
Remark 4.6. As in Remark 3.5 this relative rotation number depends on the choice
of U , but the germ of B 7→ ρA,E(·,B) at B = A does not.
In the particular case of periodic measures, the rotation number is simply related
to the variation of the arguments of the eigenvalues of the first return map. More
precisely, denote by Bn(x) : Vx → VTnx the isomorphism of vector spaces obtained
by restriction of the n-th iterate Bn of B to the fiber Vx. Assume that T admits
a periodic point P ∈ X of period p. Then the linear automorphism Bp(P ) of the
fiber of EB above P is
• either conjugate through an orientation preserving linear map to a similarity
of angle θB,
• or it has positive real eigenvalues, in which case we put θB = 0,
• or it has negative real eigenvalues, in which case we put θB = π.
We leave the following as an exercise:
Scholium 4.7. Let µx be the T -periodic probability measure associated to P . Then
we have the following inequality:
θB − θA = 2πp · ρA,E(µx,B) mod 2π.
Lemma 4.8. The relative rotation number is a local topological cohomology invari-
ant: if B, C ∈ U satisfy that PB|EB is cohomologous to PC|EC as fibered homeomor-
phisms, that is, is they are conjugate by a homeomorphism h1 fibering over IdX and
close enough to IdPEB , then their relative rotation numbers coincide:
ρA,E(µ,B) = ρA,E(µ, C).
Proof. Build a path Et of bundles between E0 = EB and E1 = EC and a path of
homeomorphisms ht : PEB → PEt fibering over IdX going from h0 = IdPEB to h1.
Proposition 4.4 then concludes.
4.3. Perturbations of diffeomorphisms. Let f be a diffeomorphism on a com-
pact manifold M and let K be a basic hyperbolic set of f . Fix a measure µ in the
setM(f|K) of finite Borel f -invariant measures supported in K. Assume moreover
that Df preserves orientation on a 2-dimensional oriented bundle Ef of a domi-
nated splitting over K. Again, the basic set and the dominated splitting admit a
continuation, in particular there is a connected C1-neighborhood U of f such that
• there is a unique continuous family compact sets (Kg)g∈U and a unique con-
tinuous family of homeomorphisms hg : Kg → K such that hf = IdK and each
restriction g|Kg is topologically conjugate to f|K by hg,
• the bundle Ef extends uniquely to a continuous family E =
(
Eg
)
g∈U
such
that each Eg is a Dg-invariant 2-dimensional subbundle of TM|Kg .
This gives then circle bundles PEg
π−→ Kg hg−→ K over K, which puts ourselves
in the setting of Example 4.2. Applying Proposition 4.3 to paths of the form
φ = (PEgt ,PDg|Egt ), we get that any path (gt) in U has well-defined rotation
numbers along E:
ρE
[
µ, (gt)
]
:= ρ(µ, φ).
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If U is simply connected6 define the rotation number of g ∈ U relative to f along E
over µ by
ρf,E(µ, g) := ρE
[
µ, (ft)
]
where (ft) is any path in U from f to g. Again, that rotation number is continuous
onM(T )×U , where U is endowed with the C1-topology, and it satisfies the following
chain-rule: for all g, g′ ∈ U we have
ρf,E(µ, g
′) = ρf,E(µ, g) + ρg,E(µ, g
′).
Remark 4.9. As in Remark 3.5 the germ of the relative rotation number map g 7→
ρf,E(·, g) at f = g does not depend on the choice of U .
5. Proofs of the main results.
5.1. Proof of Theorem A. Denote by Orb(x) = {T nx, n ∈ N} the positive T -
orbit of a periodic point x ∈ X . The beginning of the proof, that is, the reduction
to a problem on 2-dimensional bundles of dominated splittings, uses quite classical
arguments. We only briefly expose them (see e.g. [4] for more details).
A matrix in GL(d,R) can be perturbed so that it has generic spectrum: counting
eigenvalues with multiplicity, it has two eigenvalues of each modulus and if two ei-
genvalues have the same modulus then they are non-real (and conjugate). Smoothly
perturb the cocycle so that the first return at x has generic spectrum. Assume it
has k ≥ 1 pairs of non-real eigenvalues. It is then enough to prove the following:
Claim 2. There is a smooth perturbation of the cocycle A and a new periodic point
with generic spectrum and strictly less than k pairs of non-real eigenvalues.
Note that the finest dominated splitting on Orb(x) for A has k bundles of di-
mension 2 on which the cocycles preserves orientation, and all other bundles have
dimension 1.
Proof. The fact that X is infinite and T : X → X is a basic hyperbolic homeomor-
phism implies the existence of an homoclinic orbit for x, that is, a sequence (yk)k∈Z
such that Tyk = yk+1 for all k ∈ N, such that y0 /∈ Orb(x), and whose α- and
ω-limits are Orb(x). Let us show that the cocycle can be smoothly perturbed so
that the finest dominated splitting on Orb(x) extends to the compact set
K = Orb(x) ∪ {yk, k ∈ Z}.
If the cocycle restricted to Orb(x) has a dominated splitting E⊕F of index i, then
there are unique i- and (d− i)-planes Ey0 and Fy0 at y0 such that the ω-limit of Ey0
is E and the α-limit of Fy0 along the negative ’half-orbit’ {yk, k ≤ 0} is F . Since
y0 is an isolated point of K, one may obtain any small perturbation of the linear
map A(y0) by a smooth perturbation of the linear cocycle A, without changing A
above K \ {y0}. One finds that way a smooth perturbation B of A that makes the
bundles Ey0 and Fy0 transverse and the dominated splitting E⊕F then extends to
K. This can be done simultaneously for all indices of domination, so that the finest
dominated splitting on Orb(x) extends to K.
The fact that T is basic-hyperbolic gives a sequence xn of periodic points that
shadow once the homoclinic orbit (yk)k∈Z and whose orbits tend to K for the
Hausdorff distance. Precisely, xn is of period pn and there exists a sequence ǫn → 0
such that
dist(T kxn, yk) ≤ ǫn and dist(T pn−kxn, y−k) ≤ ǫn,
6Such U exists thanks to the local simple connectedness of the set of diffeomorphisms.
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for all integers 0 ≤ k ≤ pn/2. Eliminating the first terms of the sequence xn and
reindexing it, we may assume that the finest dominated splitting on K extends to
the compact set
L = K ∪
⋃
n
Orb(xn).
Let E be a 2-dimensional bundle of the finest dominated splitting on Orb(x), E˜ its
extension toK and Ê its extension to L. The bundle E is orientable and xn shadows
once the homoclinic orbit, thus by continuity of Ê again reindexing the sequence
xn, we may assume that Ê restricted to each Orb(xn) has the same orientability as
E˜.
If it is not orientable, the first return map above xn has real eigenvalues by
restriction to Ê. A smooth perturbation makes the spectrum generic at xn with
strictly less than k pairs of non-real eigenvalues.
In the other case, E˜ is orientable and one can apply a rotation number argument.
Denote by µx and µxn the periodic probability measures supported by the orbits
of x and xn. The sequence µxn converges to µx for the weak-* topology. Take now
a small path
(At)t∈[0,1] such that ρA,Ê(µx,A1) > 0. By Scholium 4.7, it suffices
to change the argument of the complex eigenvalues in E at x. The periods pn of
the points xn tend to infinity. By continuity of ρA,Ê(·,A1), for n large enough,
ρA,Ê(µxn ,A1) > π/pn. Continuity of t 7→ ρA,Ê(µxn ,At) and Scholium 4.7 give a
parameter t such that Apnt has real eigenvalues by restriction to EAtxn . A further
smooth perturbation A˜t gives a simple Lyapunov spectrum by restriction to EA˜txn .
This ends the proof of the claim and of Theorem A.
5.2. Mode-locking and dominated splittings. We prove Proposition 2.10. One
could easily adapt the arguments of [1] to our setting. We propose instead our own
version.
We may assume that V = E is an oriented 2-dimensional vector bundle and that
for each x ∈ X the linear operator A(x) has norm 1: dominated splittings and
mode-locking are preserved by multiplication of a linear cocycle A by a continuous
scalar function X →]0,+∞[.
Consider the induced action PA on the projective bundle E := PE, where each
fiber is endowed with the distance sine of the angle. A fibered ǫ-chain is a sequence
u0, . . . , un ∈ E such that for all i, PAui and ui+1 are at distance < ǫ and in the
same fiber of E.
Lemma 5.1. For all ǫ > 0, there exists δ > 0 and N > 0 such that if n > N and
1
n
log ‖An(x)‖ < δ,
then for all u ∈ PVx and v ∈ PVTnx there is a fibered ǫ-chain of PA from u to v.
The following is left to the reader:
Lemma 5.2. Let G be a topological group endowed with a left invariant metric.
Let a sequence g1, . . . , gn in G. Let ǫ > 0 and fix a point h in the nǫ-ball centered
at g = gn . . . g1. Then there exists a sequence h1, . . . , hn in G such that each hi is
at distance ≤ ǫ from gi and such that h = hn . . . h1.
Taking for G the Lie group SL(d,R) endowed with the left-invariant Riemannian
metric given by the inner-product < M,M >= tr(tMM) on its lie algebra sl(d,R),
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given any matrix K ∈ SO(d,R) and any diagonal matrix A ∈ SL(d,R) with positive
diagonal entries ai, the distance between AK and K is given by
√∑
ln2(ai). See
for instance [17].
Define the following distance on ]0,∞[d: given two sequences σ = (σ1, . . . , σd)
and τ = (τ1, . . . , τd) in ]0,∞[d, let
d(σ, τ) =
√∑
ln2
(
σi
τi
)
.
Due to the fact that any matrix in G decomposes as a product LAK, where L,K ∈
SO(d,R) and A is diagonal with strictly positive entries, we obtain the following
consequence of Lemma 5.2:
Corollary 5.3. Consider a sequence of matrices A1, . . . , An ∈ G = SL(d,R) and
let σ = σi be the increasing sequence of singular values of the product An . . . A1. Let
τ be a increasing sequence 0 ≤ τ1 ≤ . . . ≤ τd.
Then there exists B1, . . . , Bn ∈ SL(d,R) such that each Bi is at distance ≤ d(σ,τ)n
from Ai and such that τ is the sequence of singular values of the product
Bn . . . B1.
Proof of Lemma 5.1. Let ǫ > 0 and a > 0. Choose a linear isometry from each
fiber Vx to R
2 so that the linear maps A(x) identify to elements of G = SL(2,R).
Note that the singular values of M ∈ G are ‖M‖−1 and ‖M‖. We apply twice
Corollary 5.3 in the simpler 2-dimensional case: for all η > 0 there exists δ > 0 and
N > 0 such that, under the assumptions of Lemma 5.1, on finds 0 < m < n and
a sequence Bk of η-perturbations (for the Riemannian metric above) of the linear
maps Ak = A(T
kx) that satisfy the following:
• ‖Bm . . . B1‖ = a,
• ‖Bn . . . B1‖ = 1.
Taking η > 0 small enough gives that the action of Bk on the projective line is
ǫ/3-close to that of Akx
Let w ∈ PVTmx be the direction of the major semiaxis (it has length a) of the
ellipse image of the unit ball of Vx by the linear map Bm . . . B1. By a standard
argument of linear algebra, if a is large enough, there exists ǫ/2-close to any u ∈
PVx a line u
′ that is sent by Bm . . . B1 on a line ǫ/3-close to w. Symmetrically,
‖Bn . . . Bm+1‖ = a and for any v ∈ PVTnx, there exists a vector w′ ǫ/3-close to w
that is sent ǫ/2 close to v by Bn . . . Bm+1.
This straightforwardly gives the desired fibered ǫ-chain.
Proof of Proposition 2.10. If A admits a dominated splitting over suppµ then it
clearly is mode-locked over µ. Assume that it does not admit one.
Let ǫ > 0. The path φǫ = (PA ◦Rt)|t|≤ǫ, where Rt is the rotation of angle t on
each fiber, is strictly increasing. Let δ and N be as in Lemma 5.1. By [22, Theorem
A] there exist x ∈ suppµ and n ≥ N such that
1
n
log ‖An(x)‖ < δ.
Lemma 5.1 implies that w(φ
(n)
ǫ u) > 1 for all u ∈ PVx. Hence, by Lemma 3.9,
ρ(µ, φǫ) > 0 for all ǫ > 0. Thus A is not mode-locked over µ.
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5.3. Proofs of Theorems B and C. If E were smooth, then one would find
smooth monotonous perturbations of A that preserve E. A result by Avila-Yoccoz
and a standard monotonicity argument (see the proof of [22, Proposition 6]) would
then conclude. Unfortunately the subbundle E is in general only Ho¨lder continuous.
A solution is to rotate along a smooth bundle approximating E. We first prove
Theorem C.
Proof of Theorem C. The fact that projective hyperbolicity implies projective struc-
tural stability is Proposition 2.7 and is proved in Section 6.
We prove it the other implication. Fix a cocycle A satisfying the assumptions of
Theorem C. Assume that its finest dominated splitting has a 2-dimensional bundle
E. One can fix an orientation on E by hypothesis. For all ǫ > 0, for H = E,F ,
there is a smooth/analytic bundle Hǫ such that the C0-distance from Hǫ to H
is < ǫ (take a standard metric on the Grassmannian space). Endow Eǫ with the
continuation of the orientation on E.
For all t ∈ R, let Rt(x) be the linear map that restricts to the rotation of angle
t on the oriented plane Eǫ(x), and that restricts to Id on the space F ǫ(x). This
defines a linear cocycle Rt on V fibering on IdX . Let At = Rt ◦A and let Et be the
continuation of the bundle E = E0 for At, which is defined for all t small enough.
Claim 3. For ǫ, η > 0 small enough, the path of skew-products φ =
(
PEt,PAt
)
|t|≤η
in Sk+E,T , where E is as in Example 4.1, is defined and strictly increasing.
Proof. Let π : V → V the linear cocycle that restricts on each Vx to the projection
of direction Fx ⊕ Gx of base Ex. Fix ǫ > 0 so that for any vector u in some
neighborhood U of PE in PV , the path π(Rtu) is a well-defined strictly increasing
path in PE with respect to the given orientation. Let η > 0 such that for all |t| < η,
the continuation Et of E for At is defined and lies in U . For all |t| < η, the map
Bt = π|Et ◦ At ◦ (π|Et)−1 is a linear cocycle on E and a trivial computation gives
that the path
(
PBt
)
|t|≤η
is a strictly increasing path in Sk+
PE,T . This means by
definition that φ is strictly increasing in Sk+E,T .
Let us assume now by contradiction that PA is structurally stable. Fix ǫ, η > 0 so
that the conclusion of the claim is satisfied. Domination implies that the projective
bundle PE is normally hyperbolic for PA. In particular, the set PE is isolated
from other PA-invariant topological circle subbundles of PV . This implies that
a homeomorphism ht : PV → PV fibering over IdX , close enough to IdPV and
conjugating PA and PAt has to send PEt on PE. In other words, the restriction
PA|E is conjugate to PAt|Et by a fibered homeomorphism close to IdE . Let µ
be an invariant measure of the base of V with total support. By Lemma 4.8,
we have ρA,E(µ,At) = 0 for t close enough to 0, which implies with Lemma 4.5
and Proposition 2.10 that there is a dominated splitting on E. This contradicts
the fact that E is a bundle of the finest dominated splitting, and ends the proof of
Theorem C.
For the sake of clarity, we first prove the following baby version of Theorem B
(which already implies Corollary 2.6 straightforwardly):
Proposition 5.4. Let r ≥ 0. Let A = (T,A) be a linear cocycle such that periodic
points are dense for T : X → X. Let E be an orientable 2-dimensional bundle of
the finest dominated splitting on which orientation is preserved.
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Then in any Cr-neighborhood of A there is a cocycle that has an elliptic point by
restriction to the continuation of E.
Proof of Proposition 5.4. We start as in the proof of Theorem C until Claim 3. We
take ǫ, η > 0 so that the conclusion of Claim 3 is satisfied. The periodic points
are dense in X , therefore there is a sequence of positive periodic measures µn such
that µ =
∑
νn is a probability measure of total support in X . By Proposition 2.10
and Lemma 4.5, one finds tˆ arbitrarily close to zero such that the relative rotation
number satisfies ρA,E(µ,Atˆ) > 0.
By continuous dependence of the rotation number to the measure, there exists
an integer N > 0 such that, defining µN =
∑N
n=0 νn, we have ρA,E(µN ,Atˆ) > 0. If
none of the periodic points corresponding to measures νn had complex eigenvalues
in Et, from t = 0 to t = tˆ, then by Scholium 4.7 the relative rotation number
ρA,E(µN ,At) =
Nˆ∑
n=0
ρA,E(νn,At)
would remain constant from t = 0 to t = tˆ for all N ∈ N, which is absurd since
ρA,E(µN ,A0) = 0 ! Therefore, there exists a smooth perturbation that creates in
the continuation of E a pair of complex (non-real) eigenvalues along some periodic
point x ∈ X . This ends the proof of Proposition 5.4.
We are now ready for the real theorem.
Proof of Theorem B. The difficulty is that a perturbation that creates an elliptic
point within the first bundle may create dominated splittings within other bundles:
the naive idea of doing a sequence of ℓ perturbations does not work. However since
a small perturbation will not destroy an already existing elliptic point, we only have
to work on the bundles that do not contain an elliptic point. We may assume that
the bundles E1, . . . , Eℓ contain no periodic points.
Consider a sequence of positive periodic measures µn such that µ =
∑
µn is a
probability measure of total support in X and such that the total mass of each µn is
a rational number. By Proposition 2.10, PA|Ei is not mode-locked over µ. Choose
an orientation on each Ei so that PA|Ei is not upper semi-locked.
Let F be the sum of the bundles of the finest dominated splitting, other than the
bundles Ei. Define F
ǫ and oriented bundles Eǫi as in the proof of Proposition 5.4.
Given t = (t1, . . . , tℓ) ∈ Rℓ, let Rt(x) ∈ GL(d,R) be the linear map that restricts
to the rotation of angle ti on the oriented plane E
ǫ
i (x), and that restricts to Id on
the space F ǫ(x). This defines a linear cocycle Rt fibering on IdX . As in the proof
of Theorem C, let At = Rt ◦A and let Et be the continuation of the bundle E = E0
for At, which is defined for all t small enough.
Claim 4. There exists ǫ, η > 0 such that for any C1-path
(
ts
)
s∈R
inside the cube
Bη = [−η, η]ℓ and tangent to the cone
Ci,3 = {(t1, . . . , tℓ), ∀j 6= i, |tj | < 3ti}, 7
the path of skew-products φ = (PEi,t
s
,PAt
s
) is strictly increasing.
Proof. Let πi : V → V be the linear cocycle whose restriction on each fiber Vx is
the projection of direction Fx ⊕
⊕
i6=j Ej,x and of base Ei,x. Choosing ǫ > 0 small
enough, one has:
7in particular, ti is strictly positive here.
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• for any vector u in some neighborhood Ui of PEi in PV ,
• for any C1-path (ts)s∈R tangent to the cone Ci
the path πi(Rt
s
u) is a well-defined strictly increasing path in PEi. Choose η > 0
small enough such that for all t ∈ Bη the continuation Ei,t of Ei for At is defined and
lies in Ui. Then the exact same way as in the proof of Claim 3 of Theorem C for any
C1-path (ts) in Bη tangent to Ci,3, we can show that the path φ = (PEi,ts ,PAts) is
strictly increasing.
For η > 0 small enough, the cocycles of parameters in Bη form a subset of a
simply connected neighborhood of A. Thus can define a rotation number of At
relative to A along each Ei, for each t ∈ Bη. Define then
Θ:
{
Bη → Rℓ
t 7→ ρA,E(µ,At),
where ρA,E(µ,B) is the tuple of rotation numbers ρA,Ei(µ,B). Denote the pair of
i-th faces of Bη by
B
−
i = [−η, η]i−1 × {−η} × [−η, η]ℓ−i
B
+
i = [−η, η]i−1 × {η} × [−η, η]ℓ−i
and write Θ = (Θ1, . . . ,Θℓ). By Claim 4, by absence of upper mode-locking and
Lemma 4.5, we get that Θi > 0 on each B
+
i and Θi ≤ 0 on each B−i for all i. Let
α > 0 such that Θi > α on each B
+
i . Let Φ be the homothecy that sends the cube
Bη on the cube [0, α]
ℓ. The barycentric isotopy Φs between Φ0 = Θ and Φ1 = Φ
satisfies that for all s ∈ [0, 1], the image of the boundary Φs(∂Bη) does not intersect
the interior ]0, α[ℓ. A Lefschetz index argument gives then that [0, α]ℓ ⊂ Φs(Bη) for
all s.
What we are actually interested in is the compound rotation numbers over a
measure νN = µ0+. . .+µN , that is, the maps defined by
NΘ(t) = ρA,E(νN ,At). By
continuity of the rotation number, the maps NΘ converge uniformly to Θ, therefore
for N large enough, the same Lefschetz argument can be applied and the image of
NΘ has non-empty interior in Rℓ.
IfAt has no elliptic point within Ei, then all the eigenvalues at the periodic points
corresponding to the measures µk are real, as well as for A0 = A by assumption.
Since the total mass of µk was chosen to be rational, this implies by Scholium 4.7
that the rotation number ρA,Ei(µk,At) is a rational number. Thus the parameters
t ∈ Bη with irrational coordinates correspond to perturbations with elliptic points
within the continuation of each bundle Ei. This ends the proof of Theorem B.
6. The rest of the proofs. This sections gathers the proofs of the other results
announced in Section 2.3. The proofs here are somewhat classical arguments and
are independent from Sections 3 to 5.
6.1. Proof of Proposition 2.7.
Projective structural stability implies robust absence of elliptic points. The fact that
(b)⇒ (c) is quite clear. Indeed, if A can be Cr-perturbed into a cocycle B that has
an elliptic point, then PB has a normally hyperbolic circle on which the first return
map is conjugate to a rotation. A further Cr-perturbation changes the angle of
the elliptic point, hence the rotation number along that normally hyperbolic circle.
Therefore PA is not structurally Cr-stable.
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Projective hyperbolicity implies projective structural stability. We now show (a) ⇒
(b). It may be possible to prove a more general result by adapting the fixed point the-
orem arguments of Anosov/Moser/Robbin/Robinson, but the fibered Morse-Smale
nature of the dynamics of cocycles with dominated splittings into one-dimensional
bundles allows an elementary proof through folklore topological arguments. We
give them here for the sake of completeness.
Let A be a cocycle admitting a dominated splitting V = E1 ⊕ . . . ⊕ Ed into 1-
dimensional bundles. Let Ak be a sequence of cocycles tending to A for the topology
of uniform C0-convergence. We need to find a sequence of homeomorphisms hk of
PV fibering over IdX and tending to IdPV that conjugate PA and PAk.
For large k, Ak admits a dominated splitting V = Ek1⊕. . .⊕Ekd and each sequence
of bundles Eki converges to Ei for the C
0-topology. One may assume that Eki = Ei.
Indeed, there is a sequence of cocycles Bk : V → V fibering on IdX such that
• the sequence PBk of homeomorphisms of PV tends to IdPV ,
• Bk sends Eki on Ei.
The splitting V = E1⊕ . . .⊕Ed is dominated for each linear cocycle Bk ◦Ak ◦B−1k .
Therefore we may without loss of generality make the substitution Ak := Bk ◦Ak ◦
B−1k and assume that Eki = Ei.
We prove our result by induction on d. It is clearly true for d = 1. Take d > 1
and assume the result is true in dimension d − 1. Let W = E2 ⊕ . . . ⊕ Ed. Then
there is a sequence hk : PW → PW of homeomorphisms fibering on IdX tending to
IdPW such that
hk ◦ PAk ◦ h−1k = PA|PW
on PW . With [12], we may assume that
• the metric ‖.‖ on V is adapted, that is, for any point x ∈ X , for any unit
vectors u ∈ E1,x and v ∈Wx, we have ‖Au‖ < ‖Av‖,
• E1 is orthogonal to W .
Given y ∈ PWx and θ ∈ [0, π/2], denote by [θ : y] the set of points z ∈ PVx such
that
• the minimum angle between the line R.z and W is equal to θ,
• if θ 6= π/2, then the orthogonal projection on W sends z on y.
Note that [θ : y] has cardinality 1 if θ ∈ {0, π/2}, cardinality 2 otherwise. As they
preserve the bundles W and E1, the actions of PA and PAk factor into actions on
the set {[θ : y], y ∈ PW, θ ∈ [0, π/2]}, indeed PA[θ : y] = [ξyθ : PAy], where each
ξy : [0, π/2]→ [0, π/2]
is an orientation preserving diffeomorphism.
The fact that the metric is adapted to the dominated splitting E1 ⊕W implies
that PA[1 : y] = [a(y) : PAy], where a is a continuous function with 0 < a < 1.
Likewise, PAk[1 : y] = [ak(y) : PAky], where ak is a sequence of continuous functions
converging uniformly to a.
Let C ⊂ PV be the set corresponding to {[θ : y], 0 ≤ θ ≤ 1}. This is a (strictly
invariant) center-unstable cone-field for PA, that is, PAC is in the interior of C. For
k large enough, PAkC is also in the interior of C. Let gk : C \ PAkC → C \ PAC
be a homeomorphism that sends each pair [θ : y] ⊂ C to the pair [ηk,y(θ) : y],
where ηk,y is an affine homeomorphism from the segment [ak(y), 1] on the segment
[a(y), 1]. By restriction to each fibre Vx, there are two homeomorphisms gk that
satisfy that condition, but for k large enough only one of them is close to IdVx .
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One finds then a sequence gk of such homeomorphisms such that g
−1
k tends to
IdC\PAC as k →∞. The sets C \ PAC and C \ PAkC are fundamental domains of
the set PV \(PW ∪PE1) for A and Ak respectively. There is a unique way to extend
gk to PV \ (PW ∪ PE1) so that it conjugates PA to PAk. It is easily checked that
this is a homeomorphism of PV \ (PW ∪ PE1) that extends into a homeomorphism
gk : PV → PV with
PA = gk ◦ PAk ◦ g,
moreover gk converges to IdPV for the C
0-topology. We proved that PA is struc-
turally C0-stable.
6.2. The converse implications. We show the C0-cases of conjectures 2.3 and
2.8. There is nothing unexpected in this section, we use standard arguments, hence
the sometimes sketchy proofs.
In this section, V is a bundle with compact base X and endowed with some con-
tinuous Euclidean metric ‖.‖. We say that a finite sequence of matrices A1, . . . , Ap
of GL(d,R) is N -dominated if the induced linear cocycle A on the trivial bundle
V = Z/pZ× Rd over the shift {
Z/pZ → Z/pZ
k 7→ k + 1
admits a dominated splitting V = E⊕F such that for all x ∈ X , for all unit vectors
u, v ∈ Ex, Fx above x, we have
‖AN (u)‖ < 1
2
‖AN (v)‖.
We obtain the following as a direct consequence of the main result of [9]:
Proposition 6.1. Let K be a compact set in GL(d,R) and ǫ > 0. There exists an
integer N ∈ N and such that, if a sequence A1, . . . , Ap in K has no N -domination
of any index, then there is an ǫ-perturbation B1, . . . , Bp of the sequence A1, . . . , Ap
such that the product Bp . . . B1 has all eigenvalues with same modulus.
Note that in [9], it is required that the length p of the sequence be large enough.
This hypothesis is indeed needed to obtain real eigenvalues after perturbation.
Proposition 6.1 is however a straightforward consequence of the two following lem-
mas:
Lemma 6.2 (Bonatti-G.-Vivier [9]). Let K be a compact set in GL(d,R) and ǫ >
0. There exists two integers N ∈ N and P ∈ N such that, for any p ≥ P , if a
sequence A1, . . . , Ap in K has no N -domination of any index, then there is an ǫ-
perturbation B1, . . . , Bp of the sequence A1, . . . , Ap such that the product Bp . . . B1
has real eigenvalues with same modulus.
Lemma 6.3. Let K be a compact set in GL(d,R), let ǫ > 0 and let P ∈ N. There
exists an integer N ∈ N and such that, for any p ≤ P , if a sequence A1, . . . , Ap in
K has no N -domination of any index, then there is an ǫ-perturbation B1, . . . , Bp
of the sequence A1, . . . , Ap such that the product Bp . . . B1 has all eigenvalues with
same modulus.
This has probably already been proved many times in the litterature, but we
could not find it. We do it here for completeness.
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Idea of the proof of Lemma 6.3. Let A be the linear cocycle induced by the se-
quence A1, . . . , Ap on V = Z/pZ× Rd. Denote by A the first return of the cocycle
on {0} × Rd:
A = An . . . A1.
Let Rd = E ⊕ F be a dominated splitting for A, then A|E is conjugate through
an isometry of E ⊗ C to ∆ + N where ∆ is diagonal and N is nilpotent. Denote
by |λE,max| the maximum modulus of the eigenvalues of A|E . Denoting by ‖.‖ the
operator norm of a linear map, one has then
An|E =
∑(n
k
)
∆n−kNk
‖An|E‖ ≤
d∑
k=0
(n
k
)
|λE,max|n−k‖Nk‖
≤ |λE,max|n
d∑
k=0
(n
k
) ‖Nk‖
|λE |k
≤ |λE,max|nC
where C is a constant that depends only on d, K and P . Likewise we show that
the minimum norm m(An|F ) = ‖A−1|F ‖−1 of A|F satisfies
m(An|F ) ≥ |λF,min|nC′
for some other constant C′ that depends only on d, K and P . Thus, the ratio
|λF,min|/|λE,max| gives a strength of domination (that is, an N for which the se-
quence A1, . . . , Ap is N -dominated) that depends only on d, K and P .
So we proved that for all η > 0 there exists an integer N ∈ N such that for any
p ≤ P , if a sequence A1, . . . , Ap in the compact set K has no N -domination of any
index, then the eigenvalues λ1, . . . , λd of the product A counted with multiplicity
and ordered by increasing moduli satisfy |λd|/|λ1| < 1 + η.
Choose an orthogonal basis of {0} × Rd that makes the matrix A a block upper
triangular matrix and define in this basis
B1 := A1 ×

∣∣∣λdλ1 ∣∣∣ ∣∣∣λdλ2 ∣∣∣
. . . ∣∣∣λdλd ∣∣∣

and Bi = Ai for i ≥ 2. For η > 0 small enough, this is an ǫ-perturbation of the
sequence A1, . . . , An. It clearly satisfies the conclusion of the lemma.
Given a linear map A between two Euclidean vector spaces of dimension d, its
singular values
σ1(A) ≤ . . . ≤ σd(A)
are the eigenvalues of the positive semidefinite operator
√
AtA, repeated with mul-
tiplicity. They equal the semiaxes of the ellipsoid obtained as the image of the unit
ball by A.
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Lemma 6.4 (See [5, Theorem A]). A linear cocycle A on V admits a dominated
splitting of index i if and only if there exists C > 0 and τ < 1 such that for all
x ∈ X and all n ∈ N
σi(A
n(x))
σi+1(An(x))
< Cτn,
where An(x) = A(T n−1x) . . . A(x) is the isomorphism of vector spaces obtained by
restriction of An to Vx.
Proof of Conjecture 2.3 in regularity r = 0. In view of Proposition 2.7, it is enough
to prove that if there is no domination of index i then an arbitrarily small pertur-
bation creates an i-elliptic point.
Let T : X → X be a basic hyperbolic homeomorphism. Assume that it has no
domination of index i. Then there is a dominated splitting V = E ⊕ F ⊕ G such
that
• E has dimension < i and G has dimension < d− i,
• the restricted cocycle A|F has no domination of any index.
Here E and G may possibly be trivial bundles. Since the periodic points are dense
in X , for all N ∈ N there exists a periodic point x such that the cocycle restricted to
the restricted bundle F|Orb(x) has no N -domination of any index. One then applies
Proposition 6.1 to find an arbitrarily small perturbation of that cocycle and another
arbitrarily small perturbation to change some lyapunov exponents within F|Orb(x) (if
F has dimension > 2) so that, extending the perturbation of A|F thus obtained into
a C0-perturbation B of A, we have a dominated splitting TM|Orb x = E′ ⊕F ′ ⊕G′
for B where
• E′ has dimension i− 1 and G′ has dimension d− i− 1,
• the first return map Bp|F ′ restricted to F ′ has a pair of eigenvalues of same
modulus.
If Bp|F ′ preserves orientation, then a further perturbation gives complex eigenva-
lues and thus makes x an i-elliptic point. Extend that perturbation of A|F ′ to a
C0-perturbation of A and we are done. Unfortunately Bp|F ′ may not preserve ori-
entation. The properties of a basic hyperbolic homeomorphism give a homoclinic
point for x, that is, a point y whose α- and ω-limits are Orb(x). By the same rea-
soning as in the proof of Theorem A, one finds a further perturbation that extends
the dominated splitting E′⊕F ′⊕G′ to the closureK = Orb(y) of the corresponding
homoclinic orbit. Then using the shadowing property of T one finds a sequence of
periodic points zn that shadow twice the orbit of y and whose orbits tend to K for
the Hausdorff topology. For n large enough the dominated splitting E′⊕F ′⊕G′ ex-
tends above the orbit of zn, and the first return map restricted to F
′
zn is orientable.
Moreover, for all N ∈ N, there exists n such that the cocycle restricted to the bun-
dle F ′|Orb(zn) admits no N -domination. Apply then again Proposition 6.1 so that
through a small perturbation the first return map on F ′zn has a pair of eigenvalues
with same moduli. Then a further perturbation gives a pair of complex conjugate
eigenvalues and zn becomes an i-elliptic point.
Proof of Conjecture 2.8 in regularity r = 0. Consider a linear cocycle A : V → V
fibering on a homeomorphism T : X → X . Let us denote by Σ the closure of the
set of periodic points of T .
Assume that A has no dominated splitting of index i. Let us first assume that
this lack of dominated splitting is visible by restriction to Σ, then as in the previous
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proof, one finds arbitrarily small C0-perturbation B of A such that there is a B-
invariant splitting TM|Orb x = E
′ ⊕ F ′ ⊕G′ where
• E′ has dimension i− 1 and G′ has dimension d− i− 1,
• E′ ≺ F ′ ≺ G′,
• the first return map Bp|F restricted to F ′ has a pair eigenvalues of same mod-
ulus.
Then PF ′ is a periodic normally hyperbolic finite union of circles in PTM|OrbP
for the projective map PB. Therefore if the cocycle PB were structurally stable,
a topological conjugacy h to a neighboring PC and fibering over IdX and C0-close
to IdPV would have to send the normally hyperbolic circles PF
′ on the normally
hyperbolic circles PF ′′, where F ′′ is the continuation of F ′ for the perturbation C.
On the other hand, the first return projective map PBp is either conjugate to a
rotation or to a symmetry of each of the circles. In the first case, a C0-perturbation
of B changes the rotation number. In the second case, a C0-perturbation transforms
it into a North-South dynamics of the circles. Thus PB is not structurally stable.
Therefore PA is not either.
We are now left to consider the case where the set ∆ of periodic points has a
dominated splitting of index i. The contrapositive of Lemma 6.4 gives a sequence
yk ∈ X \∆ and a sequence of integers nk → +∞ such that
1
nk
log
σi(A
nk(yk))
σi+1(Ank(yk))
→ 0. (4)
The domination of index i by restriction to ∆ means that we may assume that
the points yk are aperiodic. By Corollary 5.3, for all ǫ > 0 and all N ∈ N there
exists an aperiodic point x ∈ X , an integer n ≥ N , and a sequence of linear maps
B0, . . . , Bn−1 that are ǫ-perturbations of the linear maps Ak = A(T
kx) such that if
we denote Bn(x) = Bn−1 . . . B0 then
σi−1(A
n(x)) < σi(B
n(x)) = σi+1(B
n(x)) < σi+2(A
n(x)),
for all 0 < i < d, where σ0 := 0 and σd+1 = +∞. There is a unique 2-plane
E0 ∈ Vx such that the singular values of the restriction Bn(x)|E0 are σi(Bn(x)) =
σi+1(B
n(x)). Let Ek ⊂ VTkx be the image of E0 by the linear map Bk−1 . . . B0.
Let F0 ⊂ Vx be the orthogonal of E0 and let Fk ⊂ VTkx be the image of F0 by
Bk−1 ◦ . . . ◦B0.
Then each map Bk induces a quotient isomorphism B˜k between the Euclidean
quotient spaces VTkx/Fk and VTk+1x/Fk+1. As F0 is orthogonal to E0 and Fn−1
is orthogonal to En−1, the composition B˜n−1 ◦ . . . ◦ B˜0 identifies then to the re-
striction Bn(x)|E0 . Applying again Corollary 5.3 one obtains a sequence C˜k of
ǫ-perturbations of the linear maps B˜k such that the ratio between the two singular
values of the product C˜n−1 ◦ . . . ◦ C˜0 is on the order of enǫ. The linear maps C˜k
may then be lifted into perturbations Ck of the linear maps Bk, where C˜k sends Fk
on Fk+1. Using partitions of unity, we build then two linear cocycles B and C that
are ǫ-perturbations of A such that
• PBn sends isometrically the circle PE0 on the circle PEn−1,
• Cn sends F0 on Fn and the induced quotient map from Vx/F0 to VTnx/Fn has
nonconformity on the order of enǫ.
Then if N is chosen large enough (we have n ≥ N) and if there is a homeomorphism
hk of PV fibering on IdX and conjugating PB to PC, that homeomorphism cannot
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be close to identity both by restriction to the circle PE0 and to the circle PEn−1.
Thus PA is not structurally stable.
Appendix A. Comparison with the ’variation of the fibered rotation num-
bers’ of Avila and Krikorian. For the sake of completeness, we recall here the
construction by Avila-Krikorian [2] of their ’variation of the fibered rotation num-
bers’ for SL(2,R)-cocycles. We point out then that it coincides with ours, up to
multiplication by −2.
Setting: consider a path of SL(2,R)-valued linear cocycles A =
(At)t∈[0,1] over
a fixed dynamics on the base T : X → X . Through complexification, Avila and
Krikorian define a C-valued additive cocycle over some continuous fibered extension
TA : X × D× D→ X × D× D
of T whose Birkhoff averages tend a.e. to a function ζA : X × D × D → C. They
show that this function only depends on x ∈ X . Moreover, wherever defined,
1. its real part is, up to multiplication by −2, the average growth rate of the
winding number of the paths of matrices
(Akt (x))t, that is, the rotation num-
ber of the path A at x, as we defined it in this paper,
2. its imaginary part is the Lyapunov exponent at x.
We reproduce here their proof of convergence of the real part and we explain
Item 1.
A.1. Avila-Krikorian fibered rotation number for SU(1, 1)-cocyles. Con-
sider the natural projective action of SL(2,C) on the Riemann sphere C = P(C2)
by Mo¨bius transformations. The subgroup of matrices in SL(2,C) that leave invari-
ant the Poincare´ disk D = {[z : 1], |z| < 1} is the group SU(1, 1) of matrices that
preserve the quadratic form q(x, y) = |x|2 − |y|2 on C2.
Denote by (A, z) 7→ A · z the corresponding action on D identified to the closed
unit disk of C. Given a matrix A ∈ SU(1, 1) and z ∈ D, one has in C2 the equality
A
(
z
1
)
= τA(z) ·
(
A · z
1
)
for some unique complex number τA(z) ∈ C \ {0}.
This satisfies a multiplicative cocycle relation:
τAB(z) = τA(B · z)τB(z) (5)
A path
(
At
)
t∈[0,1]
of matrices in SU(1, 1) and a path
(
zt
)
t∈[0,1]
in D give then a
path τAt(zt) in C \ {0}. Take any lift γt of that path by the map z 7→ ei2πz , then
the difference δz0,z1 = γ1 − γ0 ∈ C only depends on the isotopy class with fixed
extremities of
(
At
)
and, by simple-connectedness of D, on z0 and z1. Note that the
real part ℜδz0,z1 is the winding number of the path τAtx(zt) around 0 ∈ C. Write
At =
(
ut v¯t
vt u¯t
)
, ut, vt ∈ C, then τAt(z) = vtz + u¯t. In particular, the connected
set τAt(D) does not meet the line Riu¯t. Thus, given two paths zt and z
′
t in D, the
difference between the winding numbers of τAtx(zt) and τAtx(z
′
t) is less than 1, that
is, ∣∣ℜ (δz0,z1 − δz′0,z′1)∣∣ < 1. (6)
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Consider now a path of SU(1, 1)-cocycles A =
(At = (T,At))t∈[0,1], where
T : X → X is a continuous map and At : X → SU(1, 1) is a path of continuous
maps. Define the continuous map
TA : X × D× D→ X × D× D
by TA(x, z0, z1) = (Tx,A0x · z0, A1x · z1). Define an additive cocycle (TA, δA):
δA : X × D× D→ C
by taking for δA(x, z0, z1) the complex number δz0,z1 obtained as previously with the
path of matrices
(
Atx
)
and any path zt joining z0 to z1 in D. This is a well-defined
cocycle.
As a consequence of Eq. (5), (TA, δA)
n is the cocycle (TAn , δAn), where A
n is the
path of iterated cocycles
(Ant ). With Eq. (6), this implies that the real part of the
n-th Birkhoff average of the cocycle (TA, δA) satisfies
|Bn(x, z0, z1)−Bn(x, z′0, z′1)| < 1/n,
for any numbers z0, z1, z
′
0, z
′
1 ∈ D. It follows from the Birkhoff Ergodic Theorem
that, given any T -invariant measure µ supported in X , the real part of the Birkhoff
averages converge µ-a.e. to a function that depends only on x ∈ X , which we may
denote by δρA : X → R.
A.2. The case of SL(2,R)-cocycles, and correspondance with our rotation
number. Recall that SL(2,R) is the set of matrices A whose projective action fixes
the upper half-plane
H = {[z : 1],ℑz > 0} ⊂ PC2.
Multiplication by the matrix
Q =
−1
1 + i
(
1 −i
1 i
)
∈ SL(2,C)
sends H on the Poincare´ disk and conjugacy A 7→ QAQ−1 is an isomorphism from
SL(2,R) to SU(1, 1).
To a path of SL(2,R)-cocycles A =
(At = (T,At))t∈[0,1], associate the path of
SU(1, 1)-cocycles A˚ =
(
T,QAtQ
−1
)
t∈[0,1]
. The authors (in slightly different nota-
tions) call δρ˚A the average variation of the fibered rotation number of the path of
linear cocycles A.
Multiplication by Q sends the boundary ∂H on the boundary ∂D by an orienta-
tion preserving isometry. That is, given w in the circle P(R2) ≡ ∂H, the winding
number of the path PAt ·w is the winding number of the path A˚ ·Qw in ∂D. Given
a path At =
(
ut v¯t
vt u¯t
)
in SU(1, 1), we have At · 1 = ut+v¯tvt+u¯t , that is, the wind-
ing number of the path At · 1 of ∂D is −2 times the winding number of the path
τAt(1) = vt + u¯t in C.
Thus, given a path of SL(2,R)-cocycles A = At, we have the following relation
between our rotation number and that of [2]:
ρ(At, x) = −2δρ˚A,
which is what we wanted to prove.
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